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Let z = sn(w,k) be the Jacobian sine-amplitude fimction as defined, 
e.g. in [1]. The tables list five-D values of the quantity w= u+ iv 


where z is given by z = a+ ib, for the following values 
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The values of u and v are expressed as decimal portions of the quarter- 
periods K and K' respectively. The medulus is given in the form k = 
sin 6, with 6 = 5°(5°)85°(1°)89°. 
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INPRODUCTICN 


The Jacobian elliptic functions with complex agriment: occur primarily 
in prelens of conforma: mapping (see, e.g. [4]}. Tabulated values of 
ticse . 7 ' ‘ons can be found in [z.j ar 113]. Frequently it is aegirels 
to k « .w.. inverse function, for example, to find w if sn(w) is given. 
This would require interpolution in two variables, which is both incow- 

nient and inaccurate, particularly in some regions where a small: change 

in the argument results in 3 large change in the function. The cuarts in 
{2] can be employed to obtain qualitatively correct values of the inverse 
function, but to date no explicit tabulation is known. 

The present tables give values of the inverse sine-amplitude function 
w= u+ iv for values of a and b which cover the entire first quadrant of 
the a+ ib plane. The quantities u and v are expressed in the form u/K 
and v/Kt where K = K(k) and K' = K(k') are the complete: elliptic integrals 
with modulus k and k' = A-®, respectively, These quantities define 


the quarter-periods of the corresponding elliptic functions. 
THE ADDITION FORMULA FOR THE INVERSE SINE-AMPLITUDE FUNCTION 
Since by definiticn 


v + ives sn “(a+ ibj = BGK) (1) 


a+ *h = sin() = sin(6 + id), (2) 
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the problem of cbtaining the jnverse sine-amplituse function is actually 


equivalent to computing the elliptic integral with complex amplitude. 


This could of course be accomplished directly either by series or reduc- 


tion of wodulus, However, a simpler wethod can be derived tv »sing the 


addition formula fcr the amplitude function. 


We have, considering first the case of real argument, 
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ve 8 $= ante) (3) 


and by the addition formula [1] 


tan 0 = re dnv 


tangd= tivdnu 


where the modulus of the elliptic functions is k. 


Eliminating successively sn u and sn v between Eqs (4j we get 
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k2cos “¢sn‘u - [1 + x? (sinecos4 - cos“@sin“4} ]sn“u + sin’6 = 0 


(5) 
2esnty - [1 + «2 (cos“esin“¢ - sinecos“¢) ]sn-v * sin”$ = 0 


«cos 


Solving gives 


ayes ¥(l1 +k sindcos¢}2 - «cos“esin“d = ¥ (liek sindcos)* - k-cos“6sin“$ 
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: Making us2> of Fa. 2 and the result 


w/a +b)? a? + Aa ~ by? - a2), 
"a + a)? ~»* + Ya - a)? - 04s, 


Eqs. 6 may be written explicitly in terms of a and b. 
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In the case of complex argument v is replaced by iv, ¢ by id, and 


b by iL. The first equation 6 becomes 
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q satu = Yt ka)” + (6)? - 4a - kay? + (0)? 
aoe cosh $ 


(8) 


. Ya+a?+ @* - Ya- a+ @) 
fa + kay? + ep)? + Aa - ka)? + (Ko)? 


while the imaginary part is more easily calculated from the second Eq. 4, 


after usiug the transfornation tn{iv,k) = sn(v,k') 


sn(v,k') = tanh ¢ (9) 


A - ksn2u 


With sn(u,k) and sn(v,k') knom it is easy tn find u and v by the 


conventional method of modulus reducticn from the formulae 
u = F(a,k) 
v = F(8,k') 


where sin a = snu, sin 8 = sn v. 
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3 In the case where b = 0, Eqs. 8 and 9 simplify to 
4 _ (1+ ka) - |i-ka 
q sn(u,k) = k Cos. 


sn(v,k') = —tamh (10) 


¥1 - ksn2u 


cosh ¢ = 4[(1 + a) + |1 - al] 


If a < 1, the above equations give 


sn(u,k) = (11) 


fl 
rk) 
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Ht 


sn{v,k) 
and 
ut+iv= F(sin’+a,k). (12) 


If a > 1 and ka > 1, we obtain 
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sn(u.k) = 
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sniv,k') 
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Hence 


u+ iy = [sin (1/ka),k] + ikt(k). (14) 


x Finally if a > 1 and ka< 1 


u 
we 


a cosh $ 


(15) 
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sn(u,k) = 


Ht} 


va? ~ 1/ak' 


sn(v,k') 
and 

u + iv = K(k) + iE(/e - Lak! eK (16) 
If ka = 1, both Eqs. 14 and 16 give 


ut iv = K(k} + ik'(k) (17) 
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